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Let Sd1 :¼ fðx1; . . . ; xd Þ 2 R
d : x21 þ    þ x
2
d ¼ 1g be the unit sphere of the d-
dimensional Euclidean space Rd : For r > 0; we denote by B rp ð14p41Þ the class of
functions f on Sd1 representable in the form
f ðxÞ ¼ j*FrðxÞ :¼
Z
Sd1
jðyÞFrðxyÞ dsðyÞ; jjjjjp41; ð1:1Þ
where dsðyÞ denotes the usual Lebesgue measure on Sd1;
FrðxyÞ ¼
X1
k¼1
ðkðk þ 2lÞÞ
r
2
GðlÞðk þ lÞ
2plþ1
PlkðxyÞ;
l ¼ d2
2
and PlkðtÞ is the ultraspherical polynomial.
For 14p; q41; the Kolmogorov N-width of Brp in L
qðSd1Þ is given by
dN ðB rp ; L
qÞ ¼ inf
XN
sup
f 2B rp
inf
g2XN
jj f  gjjq;
the left-most inﬁmum being taken over all N-dimensional subspaces XN of L
qðSd1Þ:
The main result in this paper is that for r52ðd  1Þ2;
dN ðB rp ; L
qÞ 
N
r
d1 if 24poq41;
N
ð r
d1
1
p
þ1
2
Þ
if 14p42oq41;
8<:
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BROWN, FENG, AND SHENG1002where AN  BN means that there exists a positive constant C; independent of N; such
that C1AN4BN4CAN :
This extends the well-known Kashin theorem on the asymptotic order of the
Kolmogorov widths of the Sobolev class of the periodic functions. # 2002 Elsevier
Science (USA)
Key Words: Marcinkiewicz–Zygmund inequality; spherical harmonics; Kolmo-
gorov width; weighted Kashin-type inequality.
1. INTRODUCTION
Let Rd be the d-dimensional Euclidean space and Sd1 ¼ fðx1; . . . ; xdÞ:
x21 þ    þ x
2
d ¼ 1g be the unit sphere of R
d equipped with the normal
Lebesgue measure dsðxÞ: For r > 0; we denote by Brp :¼ B
r
pðS
d1Þ ð14p41Þ
the class of functions f on the sphere Sd1 representable in the form
f ðxÞ ¼ j*FrðxÞ :¼
Z
Sd1
jðyÞFrðxyÞ dsðyÞ; jj jjp41; ð1:1Þ
where FrðxyÞ ¼
P1
k¼1ðkðk þ 2lÞÞ
r
2
GðlÞðkþlÞ
2plþ1 P
ðlÞ
k ðxyÞ; l ¼
d2
2
and PlkðtÞ is the
ultraspherical polynomial. (For precise deﬁnitions see Section 2.)
For 14p; q41; the Kolmogorov N-width of Brp in L
qðSd1Þ is given by
dNðBrp; L
qÞ ¼ inf
XN
sup
f 2Brp
inf
g2XN
jjf  gjjq;
the left-most inﬁmum being taken over all N-dimensional subspaces XN of
LqðSd1Þ:
It is our aim as suggested in the title to investigate the asymptotic order of
the Kolmogorov width dN ðBrp; L
qÞ for some 14p; q41 as N!1: We write
dN ðBrp; L
qÞ  Ns to mean that there exist positive constants C and D;
independent of N; for which
DNs4dN ðBrp; L
qÞ4CNs
for all N sufﬁciently large.
Kamzolov [Ka2] proved that for r > d  1;
dNðBrp; LqÞ 
N
 r
d1þ
1
p
1
q if 14poq42;
N
r
d1 if 14p ¼ q41:
8<: ð1:2Þ
Question. If 14poq41 and q > 2; what is the asymptotic order of
dN ðBrp; LqÞ?
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1003As a main result of this paper, the following theorem gives an answer to
this question.
Theorem 1. 3For r52ðd  1Þ2;
dNðB rp ; L
qÞ 
N
ð r
d1
1
p
þ1
2
Þ
if 14p42oq41;
N
r
d1 if 24poq41;
8<:
(The condition on r may be weakened somewhat, but at the cost of greatly
increased computation.)
When d ¼ 2; S1 ¼ T; Theorem 1 is due to Kashin [Kas].
We refer the readers to Pinkus’s treatise [Pin] for more background
information.
This paper is organized as follows. Section 2 contains a brief description
of some facts and deﬁnitions about Kolmogorov width and spherical
harmonics that we need in the later sections. In Section 3, we point out an
essential mistake in the paper [Ku] and give two counterexamples. A
Marcinkiewicz–Zygmund-type inequality for spherical harmonics, is estab-
lished in Section 4. In Section 5, we establish a weighted Kashin-type
inequality for the Kolmogorov width of the unit Euclidean ball. Theorem 1
is then proved in Section 6 by the well-known discretization technique.
Throughout the rest of the paper the letter C will stand for a constant but
not necessarily the same one in each occurrence.
2. PRELIMINARIES
In this section, we describe some basic properties of Kolmogorov width
and present some well-known results about spherical harmonics that we
need in the later section. Most of the material we present here can be found
in [LGM], [Pin] and [WL].
Let X be any normed linear space and A a subspace of X : The N-width, in
the sense of Kolmogorov, of A in X (or the Kolmogorov N-width of A in X ) is
given by
dN ðA; X Þ ¼ inf
XN
sup
x2A
inf
y2XN
jjx  yjjX ;
3After this paper was completed, we found that Kushpel [Ku] had presented some similar
results as ours. But there was an essential mistake in his proof. We will point out this and give
two counterexamples in Section 3.
BROWN, FENG, AND SHENG1004the left-most inﬁmum being taken over all N-dimensional subspaces XN
of X :
Let X ; Y ; Z be linear normed spaces. Denote by LðX ; Y Þ the set of all
linear bounded operators from X to Y : For T 2 LðX ; Y Þ; we denote by
dN ðT ; X ; Y Þ the Kolmogorov N-width of the set fTx : jjxjjX41g as a subset
of Y : The following three properties on the Kolmogorov width are well
known.
Let Ti 2 LðX ; Y Þ; i ¼ 1; 2: Then
dNþM ðT1 þ T2; X ; Y Þ4dN ðT1; X ; Y Þ þ dM ðT2; X ; Y Þ; M; N50: ð2:1Þ
Let T1 2 LðX ; Y Þ and T2 2 LðY ; ZÞ: Then
dNþM ðT1T2; X ; ZÞ4dNðT1; X ; Y ÞdM ðT2; X ; Y Þ; M; N50: ð2:2Þ
d0ðT ; X ; Y Þ ¼ jjT jjX ;Y : ð2:3Þ
For integer k50; the restriction to Sd1 of a homogeneous harmonic
polynomial of degree k is called a spherical harmonic of degree k: The class
of all spherical harmonics of degree k will be denoted byHdk and the class of
all spherical harmonics of degree k4N  1 will be denoted by PN ðS
d1Þ: Of
course, PNðS
d1Þ ¼ N1k¼0H
d
k and it comprises the restriction to S
d1 of all
algebraic polynomials in d variables of total degree not exceeding N: The
dimension of Hdk is given by
dk :¼ dimHdk ¼
ð2k þ d  2ÞGðk þ d  1Þ
ðk þ d  2ÞGðk þ 1ÞGðd  1Þ
if k41;
1 if k ¼ 0;
8<:
 kd2 as k !1
and that of PN ðS
d1Þ is
PN1
k¼0 dk  N
d1; as N !1:
The spherical harmonics have an intrinsic characterization as the
eigenfunctions of the Laplace–Beltrami operator, 4
Sd1
: The operator
4
Sd1
is an elliptic (unbounded) self-adjoint operator on L2ðSd1Þ and its
spectrum comprises distinct eigenvalues lk ¼ kðk þ d  2Þ; k ¼ 0; 1; . . . ;
each having ﬁnite multiplicity dk: The space H
d
k can be characterized
intrinsically as the eigenspace corresponding to lk: Since the lk’s are
distinct, and the operator is self-adjoint, the spaces Hdk ’s are mutually
orthogonal relative to the inner product
hf ; gi
Sd1
:¼
Z
Sd1
f ðxÞgðxÞ dsðxÞ:
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1005Also, L2ðSd1Þ ¼ closuref1k¼0H
d
kg: Hence, if we choose an orthonormal
basis fYk;j : j ¼ 1; . . . ; dkg for each Hdk ; then the set fYk;j : j ¼ 1; . . . ; dk; k
¼ 0; 1; . . .g is an orthonormal basis for L2ðSd1Þ: Furthermore, one has the
well-known addition formula:
Xdk
j¼1
Yk;jðxÞYk;jðyÞ ¼
ðk þ lÞGðlÞ
2plþ1
PlkðxyÞ; x; y 2 S
d1; k ¼ 0; 1; . . . ;
where l ¼ d2
2
and Plk is the ultraspherical polynomial generated by
ð1 2tz þ z2Þl ¼
X1
k¼0
PlkðtÞz
k;
here jzjo1; jtjo1: The addition formula allows us to express the projection
of f 2 L2ðSd1Þ onto Hdk as a convolution
Ykð f ÞðxÞ ¼
ðk þ lÞGðlÞ
2plþ1
f *P
l
kðxÞ
:¼
ðk þ lÞGðlÞ
2plþ1
Z
Sd1
f ðyÞPlkðxyÞ dsðyÞ; l ¼
d  2
2
; ð2:4Þ
which obviously extends the deﬁnition of Yk to the whole space LðS
d1Þ:
For f 2 LðSd1Þ;sð f Þ ¼
P1
k¼0 Ykð f Þ is called the Fourier–Laplace series
of f. When d ¼ 2; this is the usual trigonometric series. The Cesa`ro means of
sð f Þ of order d > 1 are deﬁned as
sdN ð f Þ :¼
XN
k¼0
AdNk
AdN
Ykð f Þ;
where Adk ¼
Gðk þ dþ 1Þ
Gðk þ 1ÞGðdþ 1Þ
: It is well known that for 14p41 and
d > d2
2
;
sup
N
jjsdN ð f Þjjp4Cp;djjf jjp; ð2:5Þ
with the constant Cp;d independent of f :
The translation operator Sy on S
d1 with step y 2 ½0; p is deﬁned by
Syð f ÞðxÞ :¼
1
jSd2jsind2 y
Z
fy2Sd1 : xy¼cos yg
f ðyÞ dsðyÞ;
f 2 LðSd1Þ; x 2 Sd1:
BROWN, FENG, AND SHENG1006It is known that for f 2 LðSd1Þ;
YkðSyð f ÞÞðxÞ ¼
Plkðcos yÞ
Plkð1Þ
Ykð f ÞðxÞ; x 2 S
d1; k ¼ 0; 1; . . . ; ð2:6Þ
with l ¼ d2
2
:
For r > 0 and f 2 LpðSd1Þ; if there exists a function g whose Fourier–
Laplace series is
X1
k¼1
ðkðk þ d  2ÞÞ
r
2Ykð f Þ;
then we call g the rth order derivative of f and write g ¼ f ðrÞ: It follows from
(1.1) and (2.4) that
Brp ¼ f 2 L
p :
Z
Sd1
f ðyÞ dsðyÞ ¼ 0; jj f ðrÞjjp41
 
:
3. TWO COUNTEREXAMPLES
Suppose xi 2 S
d1; i ¼ 1; . . . ; m: We call fx1; . . . ; xmg an e-net of S
d1 if
[m
i¼1
Bðxi; eÞ*S
d1;
where
Bðxi; eÞ ¼ fy 2 S
d1 : yxi5cos eg:
In the paper [Ku], the author’s proof of his Theorem 3.1 appears to yield
the following stronger result.4
Let fx1; . . . ; xmg be an e-net on S
d1 with m  Nd1  dim PNðS
d1Þ: If
eoC
N
with C 2 ð0; 1
2
Þ; then the inequality
CðpÞ1
1
m
Xm
k¼1
j f ðxkÞj
p
 !1
p
4jjf jjp4CðpÞ
1
m
Xm
k¼1
j f ðxkÞj
p
 !1
p
ð3:1Þ
holds for all 14p41 and f 2 PN ðS
d1Þ; where CðpÞ is a constant independent
of N and f :
4There were some obvious misprints in both the description and the proof of Theorem 3.1 of
[Ku].
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1007This result is not true. Our Theorems 2 and 3 in this section actually give
two counterexamples.
For simplicity, we only consider the case d ¼ 3: Our argument below can
be easily extended to the higher dimensional cases. Let us introduce the
following polar coordinates on S2:
x1 :¼ cos y;
x2 :¼ sin y cos j;
x3 :¼ sin y sin j; 04y4p; 04j42p:
We identify the point ðx1; x2; x3Þ 2 S
2 with its polar coordinates ðy;jÞ: Let A
be a ﬁnite subset of S2: Write
Ay ¼ fj 2 ½0; 2p : ðy;jÞ 2 Ag; y 2 ½0;p
and
YA ¼ fy 2 ½0;p: Ay=|g:
Denote by jAj the cardinality of the set A:
Theorem 2. Let 14p1op241 and let A be a finite subset of S2
satisfying jAj  N2  dim PN ðS
2Þ and
jAyj5cN for any y 2 YA;
with c > 0 a constant independent of N and y: If the following inequalities
ðCN Þ
1 1
jAj
X
x2A
j f ðxÞjpi
 !1
pi
4jjf jjpi4CN
1
jAj
X
x2A
j f ðxÞjpi
 !1
pi
; i ¼ 1; 2
ð3:2Þ
hold for all f 2 PN ðS
2Þ; with the constant CN > 0 independent of f ; then
CN5cN
1
2ð
1
p1
 1
p2
Þ
! 1; N !1;
with c > 0 independent of N.
Proof. Let hðtÞ be an algebraic polynomial on ½1; 1 of degree oN :
Deﬁne
f ðxÞ ¼ hðx1Þ; x ¼ ðx1; x2; x3Þ 2 S
2:
BROWN, FENG, AND SHENG1008Clearly, f 2 PNðS
2Þ and for any p 2 ½1;1;
jjf jjp ¼
Z
S2
jf ðxÞjp dx
 1
p
¼ 2p
Z 1
1
jhðtÞjp dt
 1
p
¼ ð2pÞ
1
pjjhjjp:
Furthermore,
1
jAj
X
x2A
j f ðxÞjp ¼
1
jAj
X
y2YA
X
j2Ay
j f ðcos y; sin y cos j; sin y sin jÞjp

1
N
X
y2YA
jAyj
N
jhðcos yÞjp:
Noticing that jAy j
N
5c > 0; we get, by (3.2),
jjhjjp24CCN
1
N
X
y2YA
jAyj
N
jhðcos yÞjp2
 ! 1
p2
4CCNN
1
p1
 1
p2
1
N
X
y2YA
jAyj
N
jhðcos yÞjp1
 ! 1
p1
4CðCN Þ
2N
1
p1
 1
p2 jjhjjp1 ; ð3:3Þ
with C > 0 an absolute constant independent of N and h:
Take
hðxÞ ¼ Pð4;0ÞN1ðxÞ;
where P
ða;bÞ
k denotes the Jacobi polynomial. Then it follows from [Sz, p. 391,
Exercise 91] that
jjhjjpi  N
42
pi ; i ¼ 1; 2: ð3:4Þ
A combination of (3.3) and (3.4) gives the desired result. ]
Theorem 3. Let A be any finite subset of S2 of the form
fðcos yi; sin yi cos jj ; sin yi sin jjÞ : i ¼ 1; . . . ; ‘; j ¼ 1; . . . ; ng;
where yi 2 ½0; p;jj 2 ½0; 2p and jAj ¼ ‘n  N
2  dim PNðS
2Þ: Suppose
14p1op241: If the inequalities
ðCN Þ
1 1
jAj
X
x2A
j f ðxÞjpi
 !1
pi
4jjf jjpi4CN
1
jAj
X
x2A
j f ðxÞjpi
 !1
pi
; i ¼ 1; 2
ð3:5Þ
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1009hold for all f 2 PN ðS
2Þ; with the constant CN > 0 independent of f ; then
CN5CN
1
2
ð 1
p1
 1
p2
Þ
! 1; N !1;
with C > 0 independent of N.
Proof. Let m ¼ ½N1
2
: Then by Theorem 2, we may assume n4m  1:
Let
aðcos yÞ ¼
Xm
k¼0
ak cos
2k y
be a non-zero trigonometric polynomial such that
aðcos jjÞ ¼ 0; 14j4n:
Deﬁne
f ðx; y; zÞ ¼
Xm
k¼0
akðy2 þ z2Þ
mky2k; ðx; y; zÞ 2 S2:
Then f 2 PN ðS
2Þ and for all 14i4‘ and 14j4n
f ðcos yi; sin yi cos jj ; sin yi sin jjÞ ¼
Xm
k¼0
akðsin yiÞ
2m2kðsin yi cos jjÞ
2k
¼ ðsin yiÞ
2m
Xm
k¼0
akðcos jjÞ
2k
¼ 0:
which gives a contradiction to (3.5) and thus completes the proof. ]
Remark 1. In the proof of Theorem 3.1 of [Ku], the author employed a
wrong duality argument in deriving his inequality (21) from inequality (20).
This mistake is essential because the proofs of the main results in [Ku] relied
heavily on Theorem 3.1.
Remark 2. To the best of our knowledge, up to now the problem of
establishing the Marcinkiewicz–Zygmund-type inequality with equal
weights for the multidimensional sphere is still open. But from the above
two theorems, we know that this type of inequality relies on the distribution
of the points on the sphere, which may be a little complicated.
BROWN, FENG, AND SHENG1010Remark 3. It should be pointed out that even if the proof of inequality
(3.1) presented in [Ku] were true, some gaps would remain in the proofs of
the main results given there. In fact, the author claims to follow the method
used in one-dimensional case (see [Pin, p. 236–241]), to derive his estimate
(28). In that case, instead of the well-known Kashin inequality, one must use
following stronger estimates:
dn b
m
2 \ X ; ‘
m
1 \ X
 
4Cn
1
2 1þ log
m
n
 3
2
; ð3:6Þ
where bm2 is the unit ball of ‘
m
2 and X is a subspace of R
m with dim X  m;
since the number of points appearing in the inequality (3.1) is greater than
the dimension of PN : (This is different from the one-dimensional case.)
However, the validity of the stronger inequality (3.6) is not known. We
would meet similar problems in dealing with the linear widths.
4. QUADRATURE FORMULA AND THE MARCINKIEWICZ–
ZYGMUND-TYPE INEQUALITY FOR SPHERICAL HARMONICS
Let ftN;k ¼ cos y
ðmÞ
N ;kg
N
k¼1 be the zeros of the ultraspherical polynomial
P
ðmÞ
N ðtÞ ordered so that 0oyðmÞN ;1oy
ðmÞ
N ;2o   oy
ðmÞ
N ;Nop:
Lemma 1 (Szego [Sz], Kalton and Tzafriri [KT]). Suppose 12omo1:
Then there exists a constant C depending only on m so that
yðmÞN ;k 
kp
N
 4CN:
Furthermore, there exists C > 0 so that
jyðmÞN;k j5
Ck
N
if koN
2
:
Lemma 2 (Szego [Sz]). Suppose that 1
2
omo1: Then for any algebraic
polynomial f of degree not exceeding 2N  1;Z p
0
f ðcos yÞðsin yÞ2l dy ¼
1
N
XN
k¼1
aðmÞN;k f ðcos y
m
N ;kÞ;
where
aðmÞN;k ¼
p
ð2mGðmþ 1ÞÞ2
GðN þ 2mÞ
GðNÞ
1
jsinðymN ;kÞP
mþ1
N1ðcos y
m
N ;kÞj
2
 ðsin ymN ;kÞ
2m:
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1011Lemma 3. Suppose f is a trigonometric polynomial of degree 44N þ 1:
Then Z 2p
0
f ðyÞ dy ¼
p
2N þ 1
X4Nþ1
k¼0
f
kp
2N þ 1
 
:
Furthermore, if 14p41 and f is a trigonometric polynomial of degree 4N ;
then Z 2p
0
j f ðyÞjp dy
 1
p

p
2N þ 1
X4Nþ1
k¼0
f
kp
2N þ 1
  p
 !1
p
:
Proof. If 1opo1; this result is contained in [Zy]. If p ¼ 1 or p ¼ 1; the
proof of Lemma 3 is similar to that of Theorem 4. We omit the detail
here. ]
Lemma 4. Let a 2 C10 ðRÞ such that supp a  fx : jxj42g and aðxÞ ¼ 1 if
jxj41: Define
VNð f Þ ¼
X1
k¼0
a
k
N
 
Ykð f Þ:
Then VNð f Þ ¼ f for any f 2 PN ðS
d1Þ and for all g 2 LpðSd1Þ; 14p41;
jjVN ðgÞjjp4Cpjjgjjp;
where the constant Cp is independent of N :
Lemma 4 can be easily derived from (2.5) and the Abel transform.
Theorem 4. There exist mN ¼ ð4N þ 1Þð2NÞd2 many points xN ;1; xN ;2;
. . . ; xN ;mN on the sphere S
d1 such that for any f 2 P4N :¼ P4N ðS
d1Þ:Z
Sd1
f ðxÞ dsðxÞ ¼
1
mN
XmN
k¼1
wN ;kf ðxN;kÞ; ð4:1Þ
where the weights fwN ;kg satisfy
0owN ;k41; w1N ;k4CdN ðd2Þ
2
and
1
mN
XmN
k¼1
ðwN;kÞ
t4
Cd if t >  1d2;
Cd log N if t ¼  1d2;
CdN
ðd2Þ2t1 if to 1
d2:
8><>:
BROWN, FENG, AND SHENG1012Furthermore, if f 2 PN and 14p41; then
Z
Sd1
jf ðxÞjp dsðxÞ
 1
p

1
mN
XmN
k¼1
wN ;kjf ðxN ;kÞj
p
 !1
p
: ð4:2Þ
Proof. We apply induction on the dimension d: Suppose Theorem 4 has
been proved for Sd2: Now we prove it for Sd1 by three steps.
Step 1: Prove that there exist mN many points xN;1; xN ;2; . . . ; xN;mN on the
sphere Sd1 such that (4.1) holds for all f 2 P4N ðS
d1Þ:
It follows from (2.6) that for f 2 P4N ;
Syð f Þð1Þ ¼
X4N
k¼0
Plkðcos yÞ
Plkð1Þ
Ykð f Þð1Þ
is a polynomial in cos y of degree 44N  1; here l :¼ d2
2
and 1 ¼
ð1; 0; . . . ; 0Þ: So by Lemma 2,Z
Sd1
f ðxÞ dsðxÞ ¼
Z p
0
Syð f Þð1Þsin
d2 y dy ¼
1
2N
X2N
k¼1
SyðlÞ
2N;k
ð f Þð1ÞaðlÞ2N ;k; ð4:3Þ
with aðlÞ2N ;k  ðsin y
ðlÞ
2N ;kÞ
d2:
If we ﬁx yðlÞ2N ;k; f ðcos y
ðlÞ
2N ;k; y sin y
ðlÞ
2N;kÞ is obviously a polynomial in
variable y 2 Sd2 of degree 44N  1: So by the assumption,
SyðlÞ
2N;k
ð f Þð1Þ ¼
1
jSd2j
Z
Sd2
f ðcos yðlÞ2N ;k; y sin y
ðlÞ
2N;kÞ dsðyÞ
¼
1
m
ðd2Þ
N
Xmðd2ÞN
j¼1
w
ðd2Þ
N ;j f ðcos y
ðlÞ
2N;k; x
ðd2Þ
N ;j sin y
ðlÞ
2N ;kÞ: ð4:4Þ
A combination of (4.3) and (4.4) yields (4.1). And, by Lemmas 1 and 2,
one can easily verify that the corresponding weights satisfy the required
conditions.
Step 2: Prove that for f 2 P2N and 14p41;
1
mN
XmN
k¼1
wN ;k jf ðxN;kÞj
p
 !1
p
4Cd ;p
Z
Sd1
jf ðxÞjp dsðxÞ
 1
p
: ð4:5Þ
To this end, we only need to consider the case p ¼ 1: In fact, if p ¼ 1;
(4.5) is trivial. If 1opo1; deﬁne
TNð f ÞðkÞ ¼ ðV2Nf Þðx
ðd1Þ
N;k Þ; 14k4m
ðd1Þ
N ;
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1013with the operator V2N as in Lemma 4. Then the Riesz–Thorin interpolation
theorem and Lemma 4 give (4.5).
Suppose p ¼ 1: Fix x ¼ ðx1; . . . ; xd1Þ 2 S
d2: Let
hðyÞ :¼ f ðcos y; x1 sin y; . . . ; xd1 sin yÞsin
d2 y:
Then clearly, hðyÞ is a trigonometric polynomial of degree 4d  2þ 4N :
Denote by
Ik ¼ y 2 ð0; pÞ : jy y
ðlÞ
2N;k jo
1
2N
 
; k ¼ 1; . . . ; 2N;
with l ¼ d2
2
: Then Lemma 1 and Bernstein’s inequality yield
1
N
X2N
k¼1
jhðyðlÞ2N;kÞj4C
X2N
k¼1
Z
Ik
jhðyðlÞ2N ;kÞ  hðyÞj dyþ
Z
Ik
jhðyÞj dy
 
4C
X2N
k¼1
1
N
Z
Ik
jh0ðyÞj dyþ
Z
Ik
jhðyÞj dy
 
4C
1
N
Z p
p
jh0ðyÞj dyþ
Z p
p
jhðyÞj dy
 
4C
Z p
p
jhðyÞj dy:
Namely,
1
N
X2N
k¼1
jf ðcos yðlÞ2N ;k; x sin y
ðlÞ
2N ;kÞjðsin y
ðlÞ
2N;kÞ
d2
4C
Z p
p
jf ðcos y; x sin yÞjjsind2 yj dy:
Noting that
Z
Sd1
j f ðxÞjp dsðxÞ ¼
Z
Sd2
Z p
0
jf ðcos y; x sin yÞjsind2y dy dsðxÞ
¼
Z
Sd2
Z 0
p
j f ðcos y;x sin yÞjjsind2 yj dy dsðxÞ
¼
1
2
Z
Sd2
Z p
p
jf ðcos y; x sin yÞjjsind2 yj dy dsðxÞ;
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Z
Sd1
jf ðxÞj dsðxÞ ¼
1
2
Z
Sd2
Z p
p
j f ðcos y; x sin yÞ sind2yj dy dsðxÞ

5C
1
N
X2N
k¼1
ðsin yðlÞ2N ;kÞ
d2
Z
Sd2
j f ðcos yðlÞ2N ;k; x sin y
ðlÞ
2N ;kÞ dsðxÞ: ð4:6Þ
But by the assumption,
Z
Sd2
jf ðcos yðlÞ2N;k; x sin y
ðlÞ
2N ;kÞj dsðxÞ
5C
1
m
ðd2Þ
N
Xmðd2ÞN
j¼1
w
ðd2Þ
Nj
jf ðcos yðlÞ2N ;k; x
ðd2Þ
N ;j sin y
ðlÞ
2N ;kÞj: ð4:7Þ
A combination of (4.6) and (4.7) yields inequality (4.5).
Step 3: Prove the converse inequality.
Suppose f 2 PN and 14p41: Take g 2 Lp
0
ðSd1Þ such that jjgjjp041 andZ
Sd1
jf ðxÞjp dsðxÞ ¼
Z
Sd1
f ðxÞgðxÞ dsðxÞ:
Let hðxÞ ¼ VNðgÞðxÞ with VN as in Lemma 4. Then (4.1), (4.5) and Holder
inequality giveZ
Sd1
f ðxÞgðxÞ dsðxÞ
¼
Z
Sd1
f ðxÞhðxÞ dsðxÞ ¼
1
mN
XmN
k¼1
f ðxN ;kÞhðxN ;kÞwN ;k
4
1
mN
XmN
k¼1
jf ðxN ;kÞj
pwN ;k
 !1
p 1
mN
XmN
k¼1
jhðxN ;kÞj
p0wN;k
 !1
p0
4Cp;d
1
mN
XmN
k¼1
jf ðxN ;kÞj
pwN ;k
 !1
p Z
Sd1
jVNðgÞjp
0
dsðxÞ
 1
p0
4Cp;d
1
mN
XmN
k¼1
jf ðxN ;kÞj
pwN ;k
 !1
p
;
which completes the proof. ]
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1015Remark 4. If we introduce the following polar coordinates on Sd1:
x1 ¼ cos j1;
x2 ¼ sin j1 cos j2
..
.
xd1 ¼ sin j1    sin jd2 cos jd1;
xd ¼ sin j1    sin jd2 sin jd1
and set
Ii ¼fy
ðliÞ
2N;k: 14k42Ng; Id1 ¼
kp
2N þ 1
; 14k44N þ 1
 
;
with li ¼ d1i2 ; 14i4d  2; then the mN many points on S
d1 in Theorem
4 can be taken as
fðj1 . . . ;jd1Þ : ji 2 Ii; 14i4d  1g:
Remark 5. If d ¼ 3; then, with minimal change of the above proof, (4.1)
and (4.2) can be explicitly written as
Z
S2
f ðxÞ dsðxÞ ¼
2p
ð2N þ 1ÞðN þ 2Þ
X2Nþ1
j¼1
X4Nþ1
k¼0
vj f
jp
2N þ 2
;
kp
2N þ 1
 
; ð4:10Þ
Z
S2
jf ðxÞjp dsðxÞ
 1
p

1
N2
X2Nþ1
j¼1
X4Nþ1
k¼0
sin
jp
2N þ 2
f
jp
2N þ 2
;
kp
2N þ 1
  p
 !1
p
;
ð4:20Þ
where
vj ¼ sin
jp
2N þ 2
 XNþ1
‘¼1
1
2‘  1
sin
ð2‘  1Þjp
2N þ 2
; j ¼ 1; . . . ; 2N þ 1: ð4:8Þ
Formula ð4:10Þ was due to Driscoll and Healy [DHe].
BROWN, FENG, AND SHENG1016Remark 6. If d ¼ 4; then (4.1) and (4.2) can be written asZ
S3
f ðxÞ dsðxÞ
¼
2p2
ð2N þ 1Þ2ðN þ 2Þ

X2N
i¼1
X2Nþ1
j¼1
X4Nþ1
k¼0
vj sin
2 ip
2N þ 1
f
ip
2N þ 1
;
jp
2N þ 2
;
kp
2N þ 1
 
; ð4:100Þ
Z
S3
jf ðxÞjp dsðxÞ
 1
p

1
N3
X2N
i¼1
X2Nþ1
j¼1
X4Nþ1
k¼0
sin
jp
2N þ 2
sin2
ip
2N þ 1
 
 f
ip
2N þ 1
;
jp
2N þ 2
;
kp
2N þ 1
  p
1
p
; ð4:200Þ
with vj as in (4.8).
Remark 7. After this paper was completed, we found that the
Marcinkiewicz–Zygmund-type inequality (also with weights) for the
spherical harmonics had also been established in a recent paper [MNW]
by a different method. Here our method is simple and furthermore, we can
write the coefﬁcients appearing in (4.1) and (4.2) explicitly, which is crucial
to our later proof of the main results.
5. THE WEIGHTED KASHIN-TYPE INEQUALITY
Since the Marcinkiewicz–Zygmund-type inequality we established in the
above section has positive weights and the weights are dependent on the
dimension of PNðS
d1Þ; in order to use the discretization technique to
obtain our main result, we have to generalize the well-known Kashin
inequality to the weighted case.
Let ‘mp;w be the m-dimensional space of vectors x ¼ ðx1; . . . ; xmÞ with the
norm
jjxjjp;w ¼
Xm
i¼1
jxijpwi
 !1
p
; 14po1; jjxjj1;w ¼ max
k
jxk j;
and the unit ball bmp;w :¼ fx 2 ‘
m
p;w : jjxjjp;w41g: Denote by dnðb
m
p;w; ‘
m
q;wÞ
the Kolmogorov n-widths of bmp;w in the metric ‘
m
q;w: Here w ¼ fwig
m
i¼1 are
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0owi41; w1i 4C1ma; i ¼ 1; . . . ; m ð5:1Þ
and
1
m
Xm
k¼1
ðwkÞ
t4C1 for any t5 a; ð5:2Þ
where C1 > 0 is independent of m; a and a are some given positive constants.
Let us call the inﬁmum over the constants C1 on the right-hand side of (5.1)
and (5.2) the Kashin constant of w: If w ¼ ð1; . . . ; 1Þ; we simply write ‘p;w as
‘p and jjxjjp;w as jjxjjp: For convenience, we write
fjjxjjp;w ¼ 1m Xm
i¼1
jxi jpwi
 !1
p
and for t 2 R; A  Rm;
wtA :¼ fðwt1a1; . . . ; w
t
mamÞ : a ¼ ða1; . . . ; amÞ 2 Ag:
The following theorem is due to Kashin [Kas].
Theorem. For 14n4m;.
dnðbm2 ; ‘
m
1Þ451n
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ log
m
n
r
: ð5:3Þ
The original upper estimate, which had log
3
2ð1þ m
n
Þ instead of log
1
2ð1þ m
n
Þ;
was also sufﬁcient for Kashin’s purposes. His proof [Kas] relied on difﬁcult
probabilistic arguments. Afterwards, Gluskin [Gl] and Garnaev and
Gluskin [GG] simpliﬁed the proof using an isoperimetric inequality in Rm
instead. The ﬁnal simpliﬁcation was due to Makovoz. Here we shall
generalize this inequality to the weighted case. Our result is
Theorem 5. With the same notations as the above, for 14n4m; we have
dnðbm2;w; ‘
m
1Þ4C2
m
n
  y
2ð1yÞ
n
1
2 1þ log
m
n
  1
2ð1yÞ
;
where y ¼ 1
1þa 2 ð0; 1Þ and the constant C2 > 0 depends only on the Kashin
constant of w rather than on the weight w itself.
Obviously, Kashin inequality (5.3) corresponds to the limiting case a ¼ 1
of Theorem 5.
BROWN, FENG, AND SHENG1018Lemma 5. Let 14n4m; p ¼ 2ð1þ aÞ and the numbers a; a as in (5.1)
and (5.2). Then there exists an n-dimensional subspace Yn of R
m such that
sup
x2bm
2;w
inf
y2Yn
jj gx  yjjp;w4C3n12 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ log mn
r
;
sup
x2bm
2;w
inf
y2Yn
jjx  yjj14C3m
a
2n
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ log
m
n
r
;
where the constant C3 depends only on the Kashin constant of w:
Lemma 5 can be obtained from (5.1)–(5.3) and the fact that bmp;w ¼ w
1
pbmp :
We omit the detail.
Proof of Theorem 5. Let Yn be the n-dimensional subspace of R
m as in
Lemma 5. Suppose for some k 2 N we have proved that for any x 2 Rm;
there exists an element z 2 Yn such that
jjx  zjj14C4m
ak nbk 1þ log
m
n
 dk
jjxjj2;w; ð5:4Þ
where C4 > 0 is a constant independent of k and fakg; fbkg; fdkg are
speciﬁed sequences. It will, in fact, be convenient to give the explicit
deﬁnition later. We now consider the case k þ 1:
It follows from Lemma 5 that there exists an element y 2 Yn; such that
jj gx  yjjp;w4C1n12 1þ log mn 
1
2jjxjj2;w;
with p ¼ 2ð1þ aÞ: For any Z > 0; we decompose x  y ¼ ðx1  y1; . . . ;
xm  ymÞ as
x  y ¼ u þ v :¼ ðu1 þ v1; . . . ; um þ vmÞ;
where
ui ¼
xi  yi if jxi  yi j4Z
1
pjj gx  yjjp;
Z
1
psgnðxi  yiÞjj gx  yjjp otherwise:
8><>:
An easy calculation shows
jjujj14C5Z
1
pn
1
2 1þ log
m
n
 1
2jjxjj2;w;
gjjvjj2;w4C5Z1p12n12 1þ log mn 
1
2jjxjj2;w:
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1019By (5.4), we know there exists an element f 2 Yn such that
jjv  f jj14C4m
ak nbk 1þ log
m
n
 dk
m
1
2 gjjvjj2;w
4C4C5m
akþ
1
2nbk
1
2 1þ log
m
n
 dkþ12Z1p12jjxjj2;w:
Let z ¼ y þ f 2 Yn: Then
jjx  zjj14 jjujj1 þ jjv  f jj1
4C4jjxjj2;w
C5
C4
Z
1
pn
1
2 1þ log
m
n
 1
2
 
þ C5m
akþ
1
2nbk
1
2 1þ log
m
n
 dkþ12Z1p12!:
Take Z
1
2 ¼ makþ
1
2nb
k
ð1þ log m
n
Þdkþd and d ¼ ‘ðlogð1þ log m
n
ÞÞ1; where ‘ is
a constant to be chosen later. We then have
jjx  zjj14C4m
ðakþ
1
2
Þynbky
1
2 1þ log
m
n
 ðdkþdÞyþ12 C5
C4
þ C5e‘
 
jjxjj2;w;
with y ¼ 2
p
2 ð0; 1Þ: Taking C4 ¼ 3C5; ‘ ¼ logð2C5Þ; we obtain
jjx  zjj14C4m
ðakþ
1
2
Þynbky
1
2 1þ log
m
n
 ðdkþdÞyþ12jjxjj2;w:
Thus if we deﬁne the sequence fakg; fbkg; fdkg as follows:
a0 ¼ a > 0; akþ1 ¼ ak þ
1
2
 
y;
b0 ¼ 
1
2
; bkþ1 ¼ bky
1
2
;
d0 ¼
1
2
; dkþ1 ¼ ðdk þ dÞyþ
1
2
;
then we have
lim
k!1
ak ¼
y
2ð1 yÞ
; lim
k!1
bk ¼ 
1
2
1
1 y
; lim
k!1
dk ¼
dyþ 12
1 y
and (5.4) holds for all k: Therefore, after a ﬁnite number of steps we get the
desired result. ]
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Lemma 6 (Kamzolov [Ka1]). Suppose 14p42: Then for any f 2 PN ;
jj f jj24Cðd; pÞN
ðd1Þð1
p
12Þjj f jjp:
Denote by
W rp ¼ ff 2 L
pðSd1Þ: f ðrÞ 2 LpðSd1Þg:
Lemma 7. Suppose 14p41 and VN is an operator defined as in
Lemma 4. Then for every f 2 W rp ;
jj f  VN ð f Þjjp4Cp;dN
rjj f ðrÞjjp:
Lemma 7 can be easily proved using the Abel transform and (2.5). We
omit the detail.
Definition (Nachbin [N]). Let X be a given normed space. X is said to
have the extension property if, for any normed space Y ; for any vector
subspace Z of Y ; and for every continuous linear transformation f : Z ! X ;
there is at least one linear, continuous transformation F : Y ! X such that
F ðzÞ ¼ f ðzÞ; z 2 Z
and
jjF jjðY ;X Þ ¼ jj f jjðZ;X Þ:
Lemma 8 (Nachbin [N]). Let O be a set endowed with a non-negative
completely additive measure such that O can be expressed as a union of
countably many measurable sets with finite measure. Then the space L1ðOÞ
has the extension property.
Lemma 8 and the concept of extension property can also be found in
[Pin, P36].
Proof of Theorem 1. Since the method is standard, we only sketch the
proof here. (We refer the readers to [Pin, pp. 236–241] for details.)
We prove only the ﬁrst asymptotic estimate (the case for 14p42oq41Þ
in the theorem. The second estimate (the case for 24poqo1) can be
derived from the ﬁrst one.
KOLMOGOROV WIDTH OF CLASSES OF SMOOTH FUNCTIONS 1021The lower bound follows from Kamzolov’s result (1.2). To estimate the
upper bound, it is sufﬁcient to prove that for 14p42;
dNðBrp; L1Þ4CN
ð r
d1
1
p
þ1
2
Þ
; ð6:1Þ
since the norm jj  jjq is increasing with q:
For k50; we deﬁne the operator
Uk : P2kþ1 ðS
d1Þ ! Rm2kþ1
by
Ukð f Þ ¼ ð f ðx2kþ1;1Þ; . . . ; f ðx2kþ1;m
2kþ1
ÞÞ;
with x2kþ1;j ; j ¼ 1; . . . ; m2kþ1 ; m2kþ1  2ðd1Þk the same as in Theorem 4. It
follows from Theorem 4 that for any f 2 P2kþ1 ; 14p41;
jj f jjp  2

ðd1Þk
p jjUkð f Þjjm2kþ1
‘p;wk
; ð6:2Þ
with wk ¼ ðw2kþ1;1; . . . ; w2kþ1;m
2kþ1
Þ: For simplicity, we write bk ¼ m2kþ1 and
Xk ¼ UkðP2kþ1Þ  R
bk : By Lemma 8, we know that L1ðSd1Þ has the
extension property. Thus, there exists a linear operator U˜1k : ‘
bk
1 ! L1; such
that
U˜1k x ¼ U
1
k x; x 2 Xk  ‘
bk
1 ð6:3Þ
and
jjU˜1k jjð‘bk1 ;L1Þ
¼ jjU1k jjð‘bk1\Xk ;L1\P2kþ1 Þ
: ð6:4Þ
Deﬁne T0 f ¼ V1ð f Þ and Tk f ¼ V2k f  V2k1f ; k ¼ 1; 2; . . . ; with the
operator Vj as in Lemma 7. Then f ¼
P1
k¼0 Tk f and Lemma 7 give that, for
any f 2 W rp ;
jjTkð f Þjjp4C2
krjj f ðrÞjjp: ð6:5Þ
Property 2.1 in Section 2 implies that
dN ðBrp; L
1Þ ¼ dNðI ; W rp ; L
1Þ4
X1
k¼0
dnk ðTk; W
r
p ; L
1Þ; ð6:6Þ
where the nk’s are non-negative integers for which
P1
k¼0 nk4N:
BROWN, FENG, AND SHENG1022We factor the operator Tk : W
r
p ! L
1 as Tk ¼ U˜1k IUkIT˜k:
Tk : W
r
p !
eTk
P2kþ1 \ Lp !
I P2kþ1 \ L2 !Uk ‘
bk
2;wk
!I ‘bk1 !
fU1
k
L1;
where T˜k is derived from the operator Tk by restricting the range to P2kþ1 \
Lp; and I denotes the identity operator.
Then Lemma 6, (6.2)–(6.5) and easy calculation, give that
jjT˜k jjðW rp ;P2kþ1\LpÞjjI jjðP2kþ1\Lp;P2kþ1\L2ÞjjUk jjðP2kþ1\L2;‘
bk
2;wk
Þ
jjgU1k jjð‘bk1 ;L1Þ
4Cd2
ðd1Þkð r
d1
1
p
Þ
;
which, together with (6.6), Properties 2.2 and 2.3 in Section 2, yields
dN ðBrp; L
1Þ4C
X1
k¼0
2
ðd1Þkð r
d1
1
p
Þ
dnk ðb2;wk ; ‘
bk
1Þ: ð6:7Þ
Let N  am with a ¼ 2d1 and set
nk ¼
bk  ak; 04k4m;
a2mk; moko2m;
0; k > 2m:
8><>:
Then applying Theorem 5, we obtain, by easy computation,
X1
k¼0
a
kð r
d1
1
p
Þ
dnk ðb2;wk ; ‘
bk
1Þ4
X2m1
k¼m1
a
kð r
d1
1
p
Þ
dnk ðb2;wk ; ‘
bk
1Þ
þ
X1
k¼2m
a
kð r
d1
1
p
Þ
d0ðb2;wk ; ‘
bk
1Þ
4Cda
mð r
d1
1
p
þ1
2
Þ
;
which, together with (6.7), implies (6.1) and completes the proof. ]
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